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INTRODUCTION
Modern theories of utility of valued entities have been developed both for risky and riskless choices. The former rests on studying trade-offs between the valued entities and the chance of receiving them. The latter is based on how the joint receipt of valued alternatives is valued and is somewhat analogous to, for example, mass measurement. These theories also have the feature of making sharp distinctions between gains and losses. Thus, the utility of gains can be measured in four distinct ways: risky or riskless choices, and gains alone or the trade-offs between gains and losses. A natural question to investigate is the conditions under which w x these four measures are all the same. This is done in Luce 4 and results in a number of functional equations to be solved. Of these, three are somewhat intriguing and not quite routine to solve; they are studied in this paper.
We begin by outlining the nature of these utility theories, the nature of the conditions that render the measures to be the same, and the resulting functional equations. After that, we solve them. One is solved under the added condition of differentiability of the strictly increasing, surjective function relating the two utility measures and of its inverse; an interesting open problem is to eliminate this differentiability assumption.
BACKGROUND OF THE FUNCTIONAL EQUATIONS
Consider the problem of finding numerical representations of a struc-² : ture G G, ' , [ , e , where G G is a set, ' a binary weak order on G G, [ a closed binary operation on G G, and e g G G is an identity of [. The intended interpretations are as follows. A gamble, i.e., uncertain alternative, is a function from a finite partition of an event from an algebra E E of events into a set C C of consequences, where C C l E E s л. The set G G is generated Ž from C C and the set of gambles as the recursive closure under [ i.e., if
' is a preference ordering on G G; [ is the operation of the joint receipt of pairs of elements from G G; and e represents the status quo relative to which gains and losses are defined. Assume that [ is weakly commutative, i.e., for all g, h g G G, g [ h ; h [ g, where ; denotes ' l) ; [ is monotonic relative to ' ; for all g g G G, g [ e ; g; and if g is a gamble each of whose values are x g C C, then g ; x. w x Luce and Fishburn 5, 6 were led from certain theoretical and empirical conditions to consider the following order preserving utility representation ² :
[ , e where C and C are positive constants and U is from G G w X w onto the real interval yC , C :
.
U e s 0. 1d
Ž . Ž .
Note that the monotonicity of [ forces U to be bounded by yC X and C.
² q first, the transformation V s yln 1 y UrC and 1a imply that G G , : [, ' , e , with [ and ' appropriately restricted, has an additive repre-Ž . Ž . Ž . sentation on the non-negative reals, i.e., V g [ h s V g q V h , where Ž . Ž . ²X : V e s 0. Second, from 1b , G G = G G , ' , with the ordering defined by Ž q y .
X Ž q y .
where U e s 0. And,
, e , where ' is the converse of ' , also has an additive representation. ² : So, the task of finding axioms on G G, ' , [ , e leading to the represen-Ž . tation 1 can be divided into two steps. The first is to axiomatize sepa-
, e leading in all three cases to additive representations. This problem is very well under-Ž w x . stood see, e.g., Krantz, Luce, Suppes, and Tversky 3, Chaps. 3 and 6 . q w w Considering only gains for the moment, let U : 
that is normalized to have l.u.b. 1 and g.l.b. yk, where k ) 0. The second task is to achieve a united axiomatization by providing a condition for gains that shows U s U over G G condition just stated, one shows that F must solve the following functional w w w x Ž equation for all X, Y g 0, 1 , R g 0, X , and for all S G 0 independent . of X for which the equation makes sense:
Ž .
Ž . Note that F 0 s 0 follows from the fact that F is increasing and maps w w w w Ž . 0, 1 onto 0, 1 . Equation 2 is the first of three equations to be solved. Ž . Although 2 has solutions other than the identity, an additional argument w x Ž . in Luce 4 assuming the separation property defined by 3 below shows the non-identity solutions can be ruled out.
A similar result is found relating U to U over G G Ž . Tversky and Kahneman 8 , it is necessary that the U of 1 be separable.
There are two natural behavioral questions: When do functions U q Ž X . Ž X . Ž. satisfying 1a and U satisfying 1b also satisfy 3 ? Again, necessary 
The converse problem leads to two functional equations, one for gains Ž X . and one for the mixed case. Let U be the representation of 1a , let V q Ž . be any separable function whose existence is assumed normalized to w w Ž . 0, 1 , and let F be defined by U s F V , where F is strictly increasing.
w w w w w w w x where F is strictly increasing on 0, 1 onto 0, 1 , X, Y g 0, 1 , Z g 0, 1 , w w w x w x Ž . Ž . and P: 0, 1 = 0, 1 ª 0, 1 . Again, as in 2 , F 0 s 0 follows. This is the second functional equation to be solved. We do so under the added assumption that F and F y1 are differentiable; we do not know of a proof under the weaker condition of continuity.
Ž . The third equation arises from 4b with
w w x w where F is strictly increasing from yk,
By symmetry, the case of losses is similar to that of gains and leads to Ž . Ž . analogues of 5 and 6 .
Ž . Ž . Ž . It is convenient to solve the equations in the order 6 , 2 , and 5 .
Ž .

SOLUTION TO EQ. 6
We take more general domains and ranges for F, which maps from
of course, we may choose k s K s 1 and Ž . w X w search for strictly increasing solutions F to 6 with X g 0, k . Because F is a strictly monotonic and surjective mapping from an interval onto an interval, it is also continuous.
Ž .
For the time being, fix Z ) 0 in 6 and write
Ž . w X w Because F is an increasing surjection and F 0 s 0, so for every S g 0, K x x w X w w w and T g y K, 0 there exist unique X g 0, k and Y g 0, k such that
Ž . In view of 8 and the preceding remark, this Cauchy equation holds on w X w x x w X w x x 0, K = y K, 0 . Since 0 is in each of the three intervals 0, K , y K, 0 , and
Ž . 2 Ž w x 10 can be extended to ‫ޒ‬ see Daroczy and Losonczi 2 , Rado and Bakeŕẃ x w x. Ž . 7 , and Aczel 1, p. 82 , that is, there exists an f : ‫ޒ‬ ª ‫ޒ‬ that satisfies 10 2 w X w on ‫ޒ‬ and whose restriction to yK, K is f. Since, moreover, F is w Ž . Ž .x monotonic, so are both G and f see 7 and 9 . Therefore,
Ž . and so by 9 G W s AF W .
Ž . Taking 7 into consideration and recalling that we have held Z temporarily constant,
We distinguish two cases: 
Because F is strictly increasing, ␥ / 0 and so A is strictly monotonic. Ž . Ž . Putting 12 back into 11 yields that A is multiplicati¨e, that is,
Ž . By 12 we get that
w X w We will extend this to 0, k a bit later.
Ž . 11 and get, with ␣ s F C / 0,
Ž . Putting this back into 11 , we obtain
Ž . Ž . Ž . Ž . that is, we have 13 and thus 14 again. However, instead of 15 , we only Ž . get from 16 that Ž . and so, taking into account that F 0 s 0, as asserted,
For the interval y k, 0 , we just put W s yY g y k, 0 into 11 , and so w w Yg 0, k . Then the function defined by w w
This is completely analogous to the case discussed above and so, as before,
The function A is the same so the exponent ␤ is the same as in 18 , but . ␦ can be different from ␥ᎏindeed, it must be as we will see shortly. From Ž .
with W s yY
Ž Because F is strictly increasing and ␤ ) 0, necessarily ␦ -0 and so .
Ž . Substituting 20 and its inverse
Ž . into 6 demonstrates this is a solution, and so we have proved the following.
THEOREM 1. The general strictly monotonic increasing surjection F:
X gi¨en by 20 , where ␤, ␥ , and ␥ are positi¨e constants satisfying
Ž . 4. SOLUTIONS TO EQ. 2
The next task is to find the strictly increasing solutions F to
w w w x Ž . where X, Y g 0, 1 , R g 0, X , and S G 0 is compatible with 2 , and Ž . Ž . F 0 s 0. A peculiarity of this problem is that 2 turns out to have a strictly monotonic solution only if a certain equation holds among S, R, Ž . and Y S was supposed to be independent of X ; specifically S is a bilinear function of R and Y. This is unusual, but not unheard of. Consider, for instance, the variant
Ž . of 10 . If S were an independent variable, then with S s R s Y s 0 or just Y s 0, we would get
respectively, so f s 0 would be the only solution. If, however, S is some
which is 10 , and so f V s AV A ) 0 is the general strictly increasing solution.
Ž . We solve 2 by first introducing the notation
yielding the equivalent functional equation 
Substituting in 22 yields
Because the right hand side is symmetric in X and Y, the left must be also. We have two cases:
Ž . w w Ž . i There exists an X g 0, 1 such that A X / 1. Because F is 0 0 strictly monotonic, we get
Ž . Ž . 
Ž . By 25
Ž . Ž . On the other hand, by 24 and 27 ,
which is the final form of the dependence of S on R and Y in this case. By Ž . 26 with
Ž . Ž .
ž / ␣ w Ž .x we get the equation cf. 13 
Because F is strictly increasing, it follows that ␣␤ ) 0. Substitution shows Ž . Ž . Ž . that 31 always satisfies 2 with 28 .
Ž .
Ž . w w Ž . ii In the remaining case A Y ' 1 on 0, 1 and so, by 24 and Ž . 25 , we have in this case S s R. With
Ž . w w x x Ž In view of 32 , G maps 0, 1 onto 0, 1 and is strictly decreasing so see w x . Ž . 
SOLUTIONS TO EQ. 5
The last and most difficult task is to find all strictly increasing functions w w w w w w w x F mapping 0, 1 onto 0, 1 for which there exists a function P:
w w w x Ž . where X, Y g 0, 1 , Z g 0, 1 , and F 0 s 0. Actually, we only know how Ž . to determine the differentiable solutions. In order to simplify 5 , we Ž Ž . Ž .. introduce the notations of. 32 , 22
w w w w Because F is strictly increasing and maps 0, 1 onto 0, 1 , G is strictly w w x x w w 2 w w decreasing and maps 0, 1 onto 0, 1 , and H: 0, 1 ª 0, 1 is onto and strictly increasing in each variable. Thus, 
36
Because G is monotonic and maps an interval onto an interval, it is Ž . w w 2 continuous, and by 34 , H is also continuous on 0, 1 .
Ž . Ž . Using 34 , we may rewrite 5 as
Ž . Repeated application of 37 yields
sH XZW , YP X , Z P XZ, W .
Ž . Ž .
Because H is strictly increasing in its second variable, this implies w w w x P X, ZW s P X, Z P XZ, W Xg 0, 1 , Z, W g 0, 1 . 38
Ž . If we could substitute X s 1 in 38 , we would get
Ž . where g Z s P 1, Z , if g Z is nowhere 0. But we cannot make that˜Ž . substitution, and so, as before, we work with an extension of 38 ; however, doing so here is far less simple than it was with the previous equations.
Ž We first present a specific solution which will turn out to be quite close . Ž . Ž . Ž . to the general solution of 5 or, what is the same, of 34 and 37 , which is designed to suggest the caution needed to arrive at the general solution:
On the other hand, this g Z is definitely not equal tõ˜Ž . P 1, Z s 0. So, we must carry out the extension very carefully.
Ž . First, we dispose of the possibility that P X, Z s 0 for some X, Z. By Ž .
Ž . 37 and 36 , this would yield Ž . Because we cannot substitute X s 1 into 38 , we choose X s C -1,
With T s CZ F C and letting
C This formula is similar to the one derived earlier from the incorrect Ž . x x Ž . substitution X s 1 with g s 1rg but only for T g 0, C , C -1. As 39
Ž . and 41 show, C ª 1 y will do no good directly because, for 39 ,
Rather than this approach, we extend g as follows. First, we check to
We pick one of these g and denote it by g because it is
C Now, let us use our freedom to attach a multiplicative constant to g X ,
C
choosing it so that the new g X coincides with g at C: Ž . determined up to a multiplicative constant, and so comparing 42 and 44 and using the fact that g X and g are equal at C imply
So g is a restriction of g to 0, C . Continuing this process, we get x0, C x x 0, C x x w x x x X x a function g, defined on all of 0, 1 , whose restriction to 0, C , 0, C , . . . are g , g X , . . . , respectively, and for which Ž . Ž . X ª 0 q Ž . and P as a function of X is continuous at 0. Using 45 , the first equality Ž . of 49 can hold only if lim g X s ϱ Ž .
Xª0q
Ž . because g is strictly decreasing and positive, its limit at 0 cannot be 0 .
w w We know that G and H are continuous and G is nowhere 0 on 0, 1 , so Ž . Ž . from 34 and 37 we see 1
G H X, Y Z
X P X, Z s y ,
